The advent of gravitational wave observation starts a new era of precision tests of gravitational theory. Estimations of black holes mergers should come from any well established gravitational theories, provided that the theory has not been ruled out by observations. In this paper we consider the low energy limit of heterotic string theory where the associated rotating and charged black holes are described by the Kerr-Sen solution. We investigate the approximate final spins and quasinormal modes of the black hole resulting from the merger process. * haryanto.siahaan@unpar.ac.id
Introduction
The remarkable gravitational wave (GW) observations of GW150914 [1] , GW151226 [2] , and GW170104 [3] are the beginning of new era in astronomy. Instead of observation that relies on electromagnetic wave only, now astronomers can also see the sky using GWs. Moreover, some information on black holes properties can be extracted from GWs produced by black hole mergers. As we know, black hole is an object that requires our deep understanding on gravity in strong regime. Hence, observation of GWs produced by black hole collisions may put the ordinary Einstein theory of gravity into a rigid test.
However, general relativity (GR) appears still profound so far in predicting the observed GW produced by binary black holes merger [4] . Suppose that there exist small deviations to the GR predictions, revealing them would be another difficulties to be dealt with due to noises in the signals. Nevertheless, while the improvement on extracting data method from GW is in progress, possible deviations on black holes merger estimates coming from any well established gravitational theory is worth to be investigated. Nevertheless, the fact that numerical study for this estimations is very costly suggests that the early investigations on black hole mergers should make use of some approximate methods. Examples of these approaches are the Buonanno-Kidder-Lehner (BKL) recipe to estimate the final spins after merger [5] and approaching QNMs frequency of final black hole using light ring properties [6] . Since these are just some approximations, several limitations to the proposal in [6] have been reported [7, 8] .
In this paper we consider the Kerr-Sen black holes of the low energy limit heterotic string theory [9] . We would like to study the estimates of black holes mergers which result a Kerr-Sen black hole in the line with the work presented in [10] where Kerr-Newman black hole is studied. Kerr-Sen and Kerr-Newman black holes are analogous, but not exactly the same [11] . The two black hole solutions are asymptotically flat, rotating, and electrically charged. The neutral limit of the two solutions are also the same, namely the Kerr solution. Moreover, both solutions can be equipped with Taub-NUT parameter which then yields the notion of black hole becomes obscure due to the existence of conical singularity [12, 13] .
The nature that Kerr-Sen solution belongs to the low energy limit of string theory yields the solution is worth for further studies. It is because string theory is the present strongest candidate for quantum description of gravity. The same motivation has also inspired some recent works to discuss aspects of black holes in the low energy limit of string theory [14, 15, 16, 17, 18, 19, 20, 21] . It is one of our aims to search some possible different features between the Kerr-Sen and Kerr-Newman black holes from the merger estimates point of view.
In particular, the estimates that we would like to study are the spin and quasinormal modes (QNMs) of the final black hole. In making the final spin estimations, we employ the generalized BKL recipe by Jai-akson et al [10] which applies to rotating and charged black holes. In fact, the work presented in this paper is motivated by the results reported in [10] where the mergers of Kerr-Newman and Kaluza-Klein black holes in Einstein-Maxwell-(dilaton) theory are investigated. In addition to the dilaton and gauge fields in the Einstein-Maxwell-dilaton theory, the low energy limit of heterotic string field action consists of an antisymmetric second rank tensor field. Despite is is very unlikely for a collapsing objects to maintain a significant electric charge, studies related to charged black holes coallesence exist in literature [22, 23, 24, 25] . Surely the electric charge can potentially contribute to a considerable difference of black holes merger estimations compared to the case where electric charge is absent.
To approximate the QNMs we follow the prescription by Cardoso et al [6] where the light ring geodesic is the main ingredient. According this approach, limited in the eikonal limit regime, the real part of QNM is related to the angular velocity of null objects orbiting around the light ring. On the other hand, the imaginary part is considered as the Lyapunov exponent of the unstable light ring. Despite there exist some gaps between the QNM numerical results and the ones given by the light ring approach, the deviation is still acceptable to be used as a guidance to do further numerical work on predictions made by alternative theories of gravity.
The organization of this paper is as follows. In section 2 we present short a review on the low energy limit of string theory and Kerr-Sen black hole. In the next section, we provide some generalities including the circular geodesics and the generalized BKL method. In section 4, we study the merger estimations made in pure geodesic consideration, i.e. the timelike orbiting probe is neutral. In the next section, we turn our discussion to the charged orbiting probe, where corrections coming from the Coulomb interaction between the objects appear. In section 6, some comparisons of final spins between Kerr-Newman and Kerr-Sen mergers are given. Finally, we give our comments and conclusions in the last section.
Low energy heterotic string theory black holes
An effective action describing fields in low energy of heterotic string theory can be read as
where
. Fields incorporated in this theory are the spacetime metric g µν , U (1) vector field A µ , dilaton field Φ, and the second-rank antisymmetric tensor field B µν . The following is a set of field solutions for the classical equations of motion obtained from (2.1) as reported in [9] . The spacetime metric expressed in Einstein frame reads
where ∆ = r (r + 2b) − 2M r + a 2 , and ρ 2 = r (r + 2b) + a 2 x 2 . The accompanying non-gravitational fields solutions are
3)
and
The line element (2) is asymptotically flat and contains a black hole solution namely the KerrSen black hole. The black hole mass is M , rotational parameter is a = J/M , and the electric charge is Q = √ 2bM . The mass and angular momentum can be computed using Komar integral, using the timelike and axial Killing vectors. Just like Kerr-Newman case, the non-extremal Kerr-Sen black holes have two separate horizons namely the outer and inner horizons, r + and r − respectively. These horizon locations are the root of ∆ which are
The extremality of Kerr-Sen black holes occurs at M = a + b which yields r + = r − . The area of Kerr-Sen black hole is given by A BH = 8πM r + , and accordingly the entropy is
The non-rotating limit of Kerr-Sen black hole, which yields the vanishing of B µν , is the GibbonsMaeda-Garfinkle-Horowitz-Strominger (GMGHS) black hole [26] . This solution is analogous to the Reissner-Nordstrom black hole, but again not exactly the same. The Kerr-Sen solution (2) -(2.5) has been generalized to the accelerating objects [27] and the spacetime containing Taub-NUT parameter [13] .
Generalities

Timelike and null geodesics
The corresponding Lagrangian for a charged massive test particle is
In an axial symmetric and stationary spacetime, one can obtain the conserved quantities related to an object described by the Lagrangian (3.1) which read
Above, e ≡ m −1 q is the charge to mass ratio of the test object or probe. Accordingly, the last two equations give usṫ
In eq. (2), we use mostly positive type of the metric. Therefore, the geodesics in general can be expressed as
where δ = 1 represents timelike particle and δ = 0 belongs to null object. On equatorial plane, where the identity ∆ = g 2 tφ − g tt g φφ applies, and the timelike effective potential V eff (r) =ṙ 2 can be written as
The constants of motion E and L for an object with circular motionṙ = 0 can be obtained by solving V eff = 0 and V ′ eff = 0 simultaneously. Explicitly, these two equations read
The vanishing of V ′′ eff from which one can obtain the ISCO radius has an explicit form
Before solving the last equation, one needs to plug the constants of motion E and L from (3.8) and (3.9) into that equation. Simply put, the three equations V eff = 0, V ′ eff = 0, and V ′′ eff = 0 give the information {E, L, r ISCO } of a circularly moving timelike object.
Normally, solving the three equations (3.8), (3.9), and (3.10) analytically to get the explicit expressions of E, L, and r ISCO in the geometry of rotating and charged black holes are not so easy. Moreover, even if these three equations can be analytically solved to express exact forms of E, L, and r ISCO , it is not too straightforward to extract the corresponding qualitative implications due to their complicated forms. That is why evaluating (3.8), (3.9), and (3.10) numerically is sometime the best option that we can do to study the behavior of a test object under consideration. The obtained plots could be the angular momentum of a test object vs. radius, ISCO radius vs. black hole mass, or something else depending on what we need to know. In getting the plot, some of the physical parameters need to be fixed so the result cannot be general. Clearly, the family of physical parameters of a rotating and charged black holes is larger compared to the neutral one, and therefore the parameter for L or ISCO radius is no longer just black the hole rotation. They can also be the total black hole charge Q or even the ratio of black hole charges before collision.
As we have mentioned earlier, one of our goals is to obtain the QNM frequencies of the final black hole using the light ring approximation [6] . This requires the effective potential for null geodesics, where the correction of electric charge can come from the final spin which incorporate the charge of black holes. In null geodesic consideration, the conserved quantities E and L are those in (3.2) and (3.3), while the geodesic equation is (3.6) with δ = 0. This effective potential reads
which can be rewritten as
The circular null orbits which are of our interests are dictated by V eff = 0 and V ′ eff = 0, which explicitly can be expressed as
The last two equations can give us the null radius of circular trajectory r c , where the unstable r c occurs when V ′′ eff (r c ) > 0. Following [6] , the QNM frequencies ω QN M can be approached by the light ring geodesic properties. Using the angular velocity 15) and the Lyapunov exponent
the approximate QNM frequency is
In the equation above, m is the angular momentum of the perturbation and n is the overtone number [6] . The correspondingṫ andφ in (3.15) and (3.16) are those of the null geodesic, i.e. 18) and the V eff is given in (3.12).
Generalized BKL recipe
The authors of [5] introduced a prescription, which later known as the BKL approach, to estimate the final spin of an electrically neutral black hole resulting from the merger of two black holes. In this BKL approach, the initial condition for black holes before merging can be spinning or spinless. Some of the assumptions made in constructing BKL prescription are the conservation of mass and angular momentum, before and after collision. In general, BKL method can be applied to any neutral rotating asymptotically flat black holes, for example the Kerr-MOG solution [28] .
As the electromagnetic interaction is considered, some deviations to the test particle geodesic will result in the final spins and light ring calculations. This is first considered in [10] , where the BKL recipe is generalized to the case of rotating and charged black holes. In particular, the objects under consideration in [10] are the Kerr-Newman (KN) and Kaluza-Klein (KK) black holes which come from the Einstein-Maxwell-(dilaton) theories respectively. It is found that there are some gaps of the final spins between the Kerr-Newman and Kaluza-Klein black holes, but their general behavior is quite similar.
Likewise, the Kerr-Sen black hole is also an exact solution of a rotating and electrically charged collapsing object. This solution belongs to the low energy limit of string theory which is distinguished to the Einstein-Maxwell-(dilaton) framework discussed in [10] . Hence, as it is suggested in [10] , the final spins and QNM modes using light ring approach related to the Kerr-Sen black holes merger can be investigated following the generalized BKL prescription. Nevertheless, first we need to verify whether the generalized BKL recipe is still valid in the background of Kerr-Sen spacetime. This is important since sometime one needs to impose more condition in addition to Newtonian limits, hence the equation describing the radial motion as the results of Newtonian and Coulombic interactions 19) can be recovered. For example in KK black hole case, the authors of [10] need to consider Q ≪ M condition to recover (3.19) . Recall that in the last equation, q and m are the electric charge and mass of the probe, and Q is the charged of black hole with mass M . Outside a Kerr-Sen black hole, a massive and charged probe described by the Lagrangian (3.1) obeys the equation of motionẍ
The corresponding Newtonian limit is obtained by imposing the conditionṫ ≫ẋ i , which yields the eq. (3.20) reduces toẍ
Further considerations r ≫ M and r ≫ a allow us to write an approximation to the last equation as
It describes the radial motion of a massive and charged object under the influence of another one which is also electrically charged according to Newtonian gravity and Coulomb interaction. In addition to the conservation of mass and angular momentum, the generalized BKL method uses the assumption that the total charge of black holes before and after merger is conserved, i.e. Q = Q 1 + Q 2 . Recall that the dynamics of two charged and massive bodies obeying Newton and Coulomb laws can be written as
To recover the last equation from eq. (3.22) , in addition to the reduced mass
we need also to set the probe charge
Then one can find that (3.23) is just (3.22) with m and q as given in (3.24) and (3.25), respectively. To simplify our plots in the coming sections, let us assign ξ = Q 2 /Q 1 as the ratio of two black hole charges. As the result, the charge to mass ratio of probe can have the form
In the equation above we have used Q * to represent the ratio of black hole charge Q to its mass M . In the next sections, we will also employ this "starred" notation to expressed the ratio of some other quantities of the black hole to its mass. In the generalized BKL approach, we still employ the original form of angular momentum conservation of BKL method 27) to predict the final spins of rotating and charged black holes. Above, A 1 and A 2 are spin parameters of the two initial black holes, and A f is the final spin of black hole resulting from the merger. The different feature now for the case of charged black holes is that the probe's angular momentum L test (r ISCO , A f ) gets contribution from the Coulomb interaction between the probe and the black hole. This probe has mass m (3.24) and charge q (3.25) and orbiting near the black hole. Note that the test particle angular momentum is evaluated at r ISCO , and the final spin A f normally can be found by solving eq. (3.27). The last formula can be rewritten in a more elegant form by defining
2 , and ν = mM −1 , which leads to [5] 
The final spin of black hole after merger is obtained by solving the last equation. A special case that one can consider is black holes with equal spin parameters. In such consideration we have χ 1 = χ 2 = χ, and the reading of eq. (3.28) becomes
Again, we have used our convention starred convention where L * = L/M . Furthermore, one can also think of a simpler case where the two black holes are initially nonspinning with equal initial mass. In this consideration, eq. (3.29) reduces to
4 Merger estimates in pure geodesics
Equatorial orbits
In pure geodesic we consider binary black holes system which finally collide consists of a neutral and an electrically charge black holes. Therefore, there is no Coulomb interaction between the two black holes. However, one of the black hole is still charged, then some deviations to the case of two neutral Kerr black holes merger are expected. The system of two charged black holes will be our discussion in the next section. Since we are considering the motion of an object which lies on the equatorial plane 2 , the associated metric tensor components are
Here the identity ∆ = g 2 tφ − g tt g φφ holds, and is vital in our formula derivations. The corresponding conserved quantities in pure geodesic set up are those in eqs. (3.2) and (3.3) with e = 0,
which leads to the effective potential
The last formula is just eq. (3.7) for e = 0. Solving the two equations V eff = 0 and V ′ eff = 0 simultaeously, one can obtain the solutions for test particle energy and angular momentum 4) and 5) where the subscripts + and − stand for the prograde or direct and retrograde motions. Furthermore, the ISCO radius can be found by solving V ′′ eff = 0, i.e.
where u 2 = r + b. Setting b → 0, which is used to transform Kerr-Sen solution to Kerr, yields eq. (4.6) reduces to the equation for marginally stable orbit in Kerr background [29] r (r − 6M ) ± 8a
Furthermore the ISCO radius of Schwarzschild black hole r = 6M [29] , is the solution of equation (4.6) evaluated at a → 0 and b → 0.
Light ring
Here we will obtain the Lyapunov exponent λ and angular velocity Ω c related to null geodesic in Kerr-Sen geometry which are needed to approximate QNM frequencies using eq. (3.17). In the null geodesic, equation V eff = 0 gives us the ratio between the test particle energy to its angular momentum,
Inserting this ratio to the expression ofṫ in (3.18) leads toφ = ±∆ −1/2 L, where the upper and lower signs refer to the solution for prograde and retrograde respectively. Evaluating the general Lyapunov formula (3.16) in this null geodesic gives 9) and the angular velocity at circular radius r c is
The last two equations have been expressed in terms of the ratios of black hole's rotational parameter a and electric charge b to the black hole's mass M , i.e. a * = a/M and b * = b/M . Note that the two formulas λ and Ω c above are also valid for the charged geodesic consideration later on. In evaluating (4.9) and (4.10) numerically, the value of a * is the final spin A * f obtained by solving eq. (3.28). Here we can understand how the charge of black holes or Coulomb interaction gives contribution to the approximate QNMs frequency using the light ring. Some numerical results for λ dan Ω c are given in section 5.
Final spins
The extremal limit of a Kerr-Sen black hole is a = M − b, i.e. a naked singularity is produced when a > M − b. Hence, for the merger of two Kerr-Sen black holes with final mass M = M 1 + M 2 and final charge Q = Q 1 + Q 2 , the relation
must be fulfilled to avoid the production of a naked singularity. Above, A f is rotational parameter or spin of the final black hole. It is obvious from the last inequality that the maximal spin A f decreases as the charge parameter b = Q 2 /2M increases 3 .
To give illustrations for black hole mergers in pure geodesic consideration, here we provide some plots representing the merger of two black holes with equal initial spins. The plots are presented as the final spins against ν, which tell us how the final spin varies as the initial masses ratio between the two black holes changes 4 . The cases of initial spins χ = 0 and χ = 0.3 are showed in figs. 4.1 and 4.2, respectively. From these plots, we learn that the final spins grow as the ratio between masses of black holes increases. Note that the maximum of real ν is ν = 1 4 for the equal initial masses of black holes. Interestingly in both plots 4.1 and 4.2, we observe that two black holes system with the same mass configuration ν but larger electric charge end up with smaller spin after merger. In other words, the maximum final spin is obtained for neutral black holes system, i.e. Kerr black holes. The similar findings also appear in the study of Kerr-Newman black holes [10] .
An interesting behavior comes out in fig. 4 .3. For two black holes with a large initial rotational parameter, i.e. χ = 0.98, the final spin after merger decreases as ν increases. Nevertheless, the bound A * f + b * ≤ 1 which is just a rewriting of (4.11) is still satisfied in this extreme consideration. Similar to the case of χ = 0 and χ = 0.3, in fig. 4.3 we observe that the presence of electric charge lowers the final spin. 5 Merger estimates for charged and rotating black holes
In this section we deal with binary Kerr-Sen black holes. Therefore we expect some corrections to the pure geodesics coming from the electromagnetic interaction between the black holes. The corresponding effective potential in this case is that of eqs. (3.7). Similar to the pure geodesic consideration, the three equations V eff = 0, V ′ eff = 0, and V ′′ eff = 0 constraint the energy E, angular momentum L, and ISCO radius r ISCO of a probe. Expressing the exact form of these three quantitites for Kerr-Sen spacetime is not so easy, and yet it is not straightforward to extract some qualitative information from them. For these reasons, again we turn to numerical plots in showing how the final spins of black holes vary to the change of ν. In making these plots, we examine the equal initial spins only, i. From fig. 5 .1 we learn that final spin tends to decrease as the charge to mass ratio of the probe e increases. Even when e = −0.4, the final spin takes values bigger that of Kerr black holes. The same conclusion can also be drawn from the equal initial spin χ = 0.4 case as depicted in fig. 5.2 . For the case of nonspinning initial case, the maximum final spin for equal initial masses for black holes occurs for e = −0.4. On the other hand, when for the initial spin χ = 0.4, the maximum final spin is that of Kerr black holes if the initial masses are equal. I addition to the plots of final spins against ν in figs. 5.1 and 5.2, we also present graphics 5.3 and 5.4 describing how the ISCO radius and probe angular momentum vary with respect to charge to mass ratio of probe e. We find that the behaviors of r * ISCO and L * for a probe outside a Kerr-Sen black hole are similar to that of Kerr-Newman [10] .
Light ring
Now let us provide numerical results for Lyapunov exponent (4.9) and angular velocity (4.10) evaluated at the final spin of black holes. The final spin of black holes is dictated by the formula (3.30) since we consider the initial nonspinning case only. In general, the behavior of Lyapunov exponent for null object near the Kerr-Sen black holes is similar to that of Kerr-Newman. We observe in fig. 5 .5 that λ grows as black holes charge ratio ξ raises. In fig. 5 .6, we also notice that λ decreases for the larger final charge of black holes. However, we find several discrepancies which are the followings. In Kerr-Newman case [10] the plots of M λ vs. ξ can intersect at some values of ξ, which is not resembled in fig. 5 .5. Another difference is for the equal initial charge of Kerr-Newman black holes, i.e. ξ = 1, M λ can be bigger than that of Kerr black holes 5 in some range of ξ. In fig. 5 .6, we find that the maximum M λ is that of Kerr black holes. For angular velocity plots in figs. 5.7 and 5.8, we can see resemblances to the Kerr-Newman case. The angular velocity Ω c grows as the final black hole charge increases, and it decreases as the black holes initial charge ratio goes to unity.
In fig. 5 .9 we provide some plots for black hole's final spin varies with respect to the final charge, while in fig. 5 .10 the final spin is plotted against the ratio of initial black hole's charge. In making these plots, we consider the initial nonspinning consideration. Fig. 5 .9 tells us that the final spin decreases as charge raises, even when Q 2 = −10Q 1 . However, a quite peculiar behavior is noticed for the case Q 2 = −2Q 1 , i.e. the two black holes are oppositely charged but the magnitude is comparable between each other. The final spin initially grows as the total charge increases and 
Kerr-Newman and Kerr-Sen cases
In this section we provide some plots showing the final spins resulting from the black hole merger, for the case of Kerr-Sen and Kerr-Newman. As we have mentioned, the two black holes are quite similar in some aspects. Using the standard textbook formula [30] to get the mass, angular momentum, and electric charge, one can obtain M , J = M a, and Q, respectively, for the metric and vector solutions in eqs. (2), (2.4), (A.2), and (A.5). However keep in mind that Kerr-Sen solution comes from the low energy limit of heterotic string theory, while Kerr-Newman solution belongs to the Einstein-Maxwell theory. Since the low energy limit of heterotic string theory is an alternative low energy gravity description to the Einstein-Maxwell framework, one may wonder how differ the two in modeling the merger of rotating and charged black holes using the generalized BKL formalism. We can consider a simple case where the initial spins are zero, and the two merging black holes have equal initial masses, and also equal initial electric charge. In this consideration, we have χ = 0, e = Q * , and ν = 0.25, and we can rely on the eq. (3.29).
The final spin plots are given in figs. 6.1, 6.2, 6.3, and 6.4, which represent the case several initial spins χ = 0, χ = 1, χ = 2, and χ = −2, respectively. It is observed that in all cases considered in these four plots, the general behavior of final spins after merger depending on the final charge of black hole is similar between Kerr-Newman and Kerr-Sen black holes. Especially in the regime of smaller total charge, the final spins per unit mass of the two black holes are quite overlapping. This can be understood since the neutral limit of Kerr-Sen and Kerr-Newman black holes are the same, i.e. Kerr solution. As the total charge per unit mass Q * raises, a gap between the final spin of the two black hole starts to increase. 
Conclusion
In this paper we investigate the coallesence of two Kerr-Sen black holes. We use an approach presented in [10] where the authors studied the mergers of Kerr-Newman and Kaluza-Klein black holes. The method can be considered as a generalization to the BKL formalism [5] , where the authors of [10] added the electromagnetic interaction into consideration. As suggested in [10] , their method should apply to any rotating and charged black holes provided that the exact expression of the spacetime metric and gauge field are known. In general, the estimates behavior of black holes merger in Kerr-Sen case is quite similar to that of Kerr-Newman, as it is expected. For example in section 6, we notice that final spins are lowered as the total black hole charge grows for initial spins χ = 0, 1, 2, and increases for initial spin χ = −2. This conclusion applies to Kerr-Sen and Kerr-Newman black holes. However, we notice that there also exist some slight distinctions as pointed in sections 5 and 6. For example there is no intersection for plots in fig. 5 .5, and the Lyapunov exponent λ multiplied by black hole mass M of Kerr-Sen case is below that of Kerr black hole for any final back hole charge to mass ratio b * .
There exist some other exact rotating and charged black hole solutions that belong to some gravitational theory beyond Einsteins available in literature, for example in [31] . These solutions are worth to be investigated, hence the results can be confronted to the forthcoming data on black hole properties [32] with more precisions. Related to the electromagnetic interaction which is considered in the generalized BKL method [10] , it is also interesting to see how significant the contribution of external magnetic fields [33, 34] to the final spin of black holes and the QNMs frequencies.
